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ABSTRACT 


We  study  extremes  of  (generally)  skewed  stable  processes. 

In  particular  we  find  the  asymptotic  behavior  of  the  distribution 
function  of  the  order  statistics  from  a  (dependent)  stable  sample. 

We  give  necessary  conditions  for  a.s.  boundedness  of  general 
stable  processes.  These  conditions  turn  out  to  be  sufficient  when 
0  <a  <1.  Further,  asymptotic  lower  bounds  for  the  supremum  and  in- 
fimum  distribution  functions  are  given.  Again,  in  the  case  0  <a  <1 
those  bounds  are  shown  to  give  the  exact  asymptotic  behavior  of 
the  supremum  and  infimum  distribution  functions. 
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1.  Introduction 


Let  T  be  an  arbitrary  parameter  set.  A  real  stochastic  process 
{X  (t) ,  t  c  T}  is  said  to  be  stable,  if  for  any  A>0  and  B>0,  and 
independent  copies  {X^(t),teT}  and  {X2(t),teT}  of  {X(t),teT>, 
there  are  C  >0  and  a  function  x:T  -+-R  such  that 

(1.1)  (CCAX^t)  +BX2(t)}  +  x  (t)  ,t  €  T)  =  {X  (t)  ,  t  e  T}  . 

It  turns  out  that  the  constant  C  has  always  the  form  C  =  (Aa  +  Ba)-1//a 
for  some  0  <  a  s2,  and  the  process  {X(t),t  eT}  is  called  a -stable 
for  the  corresponding  a.  If  a  =  2,  the  process  is  called  Gaussian, 
and  if  a  =1,  the  process  is  called  Cauchy. 

The  process  {X(t),t  € T}  is  called  strictly  stable  if  one  can 
always  choose  x(t)  = 0  in  (1.1).  This  process  is  called  symmetric 
stable  if  {X(t),t  eT}  =  {-X(t),t  eT>.  Clearly  any  symmetric  stable 
process  is  also  strictly  stable,  but  the  converse  is  true  only  for 
a  = 1  and  a  =  2 . 

In  this  paper  we  investigate  extremes  of  stable  processes. 

After  Section  2,  which  discusses  certain  basic  properties  of  stable 
random  variables,  random  integrals  with  respect  to  stable  random 
measures,  and  integral  representation  of  stable  processes,  we  treat 
in  Section  3  extremes  of  finite-dimensional  stable  vectors.  We 
characterize  the  conditional  probability  that  all  the  components  of 
a  stable  vector  are  big,  given  one  of  them  is  big,  and  then  apply 
this  result  to  obtain  the  tail  behavior  of  the  distributions  of  order 
statistics  from  a  (dependent)  stable  sample. 

In  Section  4  we  consider  stable  processes  defined  on  a  countable 


2 


set.  Here  we  consider  the  tails  of  the  distributions  of  the  sup- 
rema  and  infima  of  those  processes  along  with  conditions  for  a.s 
boundedness.  These  results  generalize  those  obtained  in  Samorod 
nitsky  (1987)  for  the  case  of  symmetric  stable  processes. 
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2.  Stable  variables,  stable  integrals  and  integral  representation 
of  stable  processes 

Let  Y  = (Y1,Y2, . . . ,  Yn)  be  a  stable  vector  in  IR0,  which  means 
that  Y,  considered  as  a  stochastic  process  on  T  =  {1,2,...,  n}, 
satisfies  condition  (1.1).  It  is  well  known  that  the  characteristic 
function  of  Y  is  necessarily  of  the  form 
n  n  n 

(2.1)  E[exp(i  l  - ) J  =exp{i  l  0.y. -/  1  l  .  |  nds^ds^... ,  dsn)  +Ca(01,e2,.. . ,  6n) } 

j=l  J  J  j=l  -1  J  Sn  j=l  J  J 

for  any  real  vector  (01,02,...,  0n),  where  0  <a  £2,  (y1,u2,...,  un) 


1'  2 1 


is  a  real  vector,  f  is  a  finite  measure  on  the  unit  ball  S  of  IR  , 


tan (tra/2)  /  |  £  0.s. |  sign(  £  0  .s.  )T  (ds  ,ds_, . . .  ,ds  )  i 

Sn  j*l  3  3  j=l  J  J  1  *  n 

n  n 

(2.2)  C^(0^,02»«  •  •  ,®n)  =  '  2/ff/  .£  0jSjfn|  £  0jSj  |  T  (ds^,ds2, . . .  ,ds^) ,  if  &=1, 

S_  j=l  j=l 


0  if  a  =2 


see,  for  example,  Kuelbs  (1973). 


Conversely,  any  random  vector  with  characteristic  function  of 
the  form  (2.1)  is  stable  (more  specifically,  ot-stable  with  the  a 
that  appears  in  (2.1)).  In  particular,  a  one  dimensional  random 
variable  Y  is  a-stable  if  and  only  if  its  characteristic  function 
is  of  the  form 


I 

llv 
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w 
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if  a/1,2 
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8 

■i 

$ 


V, V.V*, 
V.V 


(2.3)  £n{E[exp(i9Y) ] )  = 


-|9|aoa(l -igtan^y  sign(0))  +  iy0,  ot^l 
—  1 0 1 cj (1  +i3(2/ir)sign(0)£n|8|)  +  iy0,  a=l 


far  some  0<a<2,  a>0,  j 0 1  £  1,  y  real.  A  random  variable  whose  character¬ 
istic  function  is  given  by  (2.3)  will  be  said  to  have  Sa(o,8,y) 
distribution. 

Remark  2.1.  In  the  particular  case  |  0 1  =1,  y  =  0  the  distribution 
S  (o,0,O)  is  said  to  be  totally  skewed  (to  the  right  if  8=1  and  to 
the  left  if  8=-l).  If,  in  addition,  0  <  a.  <1,  then  S  (o,l,0)  and 
Sa(o,-l,0)  are  concentrated  on  positive  and  negative  parts  of  the 
real  line,  correspondingly. 

The  tail  behavior  of  S  (o,8,y)  distributions  is  well  known. 

a 

Lemma  2.1.  Let  X  be  a  random  variable  with  the  distribution 
SQ  (a, 8, y ) -  Then 

(2.4)  limX°P(X>X)  =  ~-^oa*c 

X-oo  2  a 

(2.5)  limXaP  (X  <  -X)  =  ^-^aac  , 

X-~  Z  a 

where 

(2.6)  c  =  [/siSZdyj-a/2. 

0  y“ 

Proof :  See  Feller  (1966),  Theorem  XVII,  5.3  and  also  Weron  (1984). 

The  following  result  provides  estimates  that  will  be  needed 
later. 

Lemma  2.2.  Let  X  be  a  random  variable  with  the  distribution  S  (a. ft. 0) . 
-  a 

(i)  Suppose  1  < a  <2.  Then  there  exists  a  positive  constant  a. 


aJ*  kV 
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independent  of  8  and  a ,  such  that  P(X  >0)  >a. 

(ii)  Suppose  a  =1  and  a  <  K  for  some  finite  number  K.  Then  there  is 
a  finite  constant  y ^  which  depends  only  on  K,  and  an  absolute  posi¬ 
tive  constant  a  such  that  P  (X  >yv)  >a. 

Proof ;  (i)  Let  Y^,  1=1,2,  be  i.i.d.  Sa(l,l,0)  distributed  random 

variables.  Then 

(2.7)  X  —  [(1  +8)/2]1/aoY1  -  ((1  -  8)/2]1/aaY2. 

Consequently , 

P(X  >0)  >  P^  >0)*P(Y2  <0)  >0. 

(ii)  With  Y^,Y2  as  above  we  have  by  Lemma  1.2  of  Hardin  (1987) 


(2.8)  X  §  o[(l  +6K2]Y1  -a[fl  -B)/21Y2  +  (1/tt)  [of  (8)  +2Bafno], 
where 

(2.9)  f  (8)  =  (l+B)fn[(l+B)/2]  -  (1  -  8)£n[  (1  -  B)/2] ,  -1<8<1,  f(-l)  =f(l)  =0. 

It  is  easy  to  see  that  f  is  continuous  on  [-1,1],  thus  it  is  bounded. 

Let  max  f(8)  =  -min  f(8)  =  c  <°°.  We  conclude  that 
-1*8*1  -1*8*1 

Y„  :=  (I/tt)  inf  [af(8)  +28a£na]  s  (1/tt)[-ck-2  supa|£na|]  > 
0*a*K, -1*8*1  0<a<K 

The  claim  of  the  part  (ii)  now  follows  from  (2.8)  by  taking 
a  =  P(Y1  >  0)  -P(Y2  *  0)  >0. 

Let  (S,Z,m)  be  a  a-finite  measure  space  and  let  8:S  ->[-1,1]  be 
a  I-measurable  function.  Let 


Iq  =  {  A  e  l  :m  (A)  <  ®} 


6 


An  independently  scattered  o-additive  set  function  M:Eg  is 

called  an  a -stable  random  measure  if  for  any  A  eE^,  any  real  8 

(2.10)  E[exp(i0M(A))]  =  exp{-m(A)  1 0 1 01  +  itan^-|0|asign(0)/8(s)m(ds)}, 

A 

if  0<a<2,  a^l  and 

(2.11)  E  [exp  (i0M  (A) )  ]  =  exp{-m(A)  |  0|  -  i  (2/ir)  0<tn|  0  |/B  (s)m(ds)  } 

A 

if  a=l.  The  meausre  m  is  usually  called  the  control  measure  of 
the  random  measure  M.  To  the  best  of  the  author's  knowledge  the 
function  6  has  not  yet  acquired  a  special  name,  and  we  will  call  it 
the  skewness  intensity  of  the  random  measure  M.  This  description  of 
stable  random  measures  in  given  in  Theorem  2.1,  Remark  (ii)  of 
Hardin  (1987) .  In  the  same  paper  stochastic  integrals  with  respect 
to  stable  random  measures  are  defined.  Although  the  original  de¬ 
finition  of  Hardin  is  given  for  the  case  S  £ IR,  E  =8,  the  analogous 
definition  in  the  general  case  is  obvious.  Hardin  (1987)  shows 
(Theorem  2.3)  that  integrals  of  the  type 

(2.12)  If  =  / f (s)M(ds) 

S 

can  be  defined  for  any  f  eLa(S,E,m)  if  a  ^1.  These  integrals  are 


7 

V 

Hi 
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■X 


8? 

Lit* 

V 

ft.  » 
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linear  in  f  and  their  characteristic  functions  are  given  by 


(2.13)  £n{E[exp(i0I  J  ]  }  =-|8|a/|f  (s)  |am(ds)  +itan^y|  0  |asign(0)  / 1  f  (s)  |asign(f  (s))  8  (s)m(ds) 


Thus,  I_  has  a  S  (o,,8-,0)  distribution  with 
t  a  f  r 


(2.14)  o-  =  [/If (s) |am(ds) ] 1/a 


(2.15)  =  afa/ | f (s) | asign (f (s) ) 8 (s)m(ds) 

S 


I 


B 

to 


f. 


. 

■  »  *  »  *  .  ’  •  *  m  »  *  *  *  •  * 

•  V  *  •  V  *  ‘  .  '  .  •  .  * 


integrals  If  and  I 

). 


grals  of  the  type 
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This  is  the  same  as  to  say  that  the  measure  on  (S,E)  defined  by 

mft(A)  :=  /  |  6  (s)  |m(ds) ,  A  e  £ 
p  A 

is  finite.  A  linear  space  of  functions 
(2.19)  I(m,8)  :=  L1 (m) nLlog+L (mQ) 

P 

equipped  with  the  norm 

(2-20>  II  f  I'  "'aX(Hfl|Ll(m)'l|fl|Llog+L(m,B)) 

is  easily  seen  to  be  a  Banach  space  in  which  simple  functions  form 
a  dense  subset. 

Repeating  then  the  steps  of  the  proof  of  Theorem  2.3  of  Hardin 
(1987)  we  conclude  that  the  1-stable  integral  If  = /gf (s)M(ds)  can 
be  defined  for  all  f  in  I(m,8).  This  integral  still  possesses  all 


v 


I 

to 

h 

bV 


the  properties  mentioned  above,  i.e.  it  is  linear  in  f,  its  dis¬ 
tribution  is  S1 (Of, Bf/Uf)  with  af and  yf  given  by  (2.14),  (2.15) 
and  (2.17)  respectively,  and  it  is  still  true  that  two  integrals 
1^  and  1^  are  independent  if  and  only  if  f*g  =0  a.e.  (m)  . 

Now  we  can  drop  the  assumption  (2.18)  while  still  being  able 
to  integrate  all  f's  in  I(m,8),  through  the  following  argument. 


Let  S1,S2,...  be  a  partition  of  S  into  E-sets  of  finite  m-measure. 


For  n  =1,2,...  denote  by  m  '  the  restriction  of  the  measure  m 


to  S  ,  i.e.  m^  (A)  =m(A  nS  )  for  each  A  e  E.  Then  is  a  finite 

n  n 


measure  for  each  n=l,2,...  .  It  is  clear  also  that  I(M,8)cI(mv  ,8) 


for  each  n  =1,2,... 


For  each  n  =1,2,...  let  Mn  be  the  restriction  of  the  random 


measure  M  to  S  .  That  means,  M  is  defined  by 
n  n 


B 


v 

Jf 


B 


S 
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M  (A)  :=  M  (AnS  )  ,  A  el. 

n  n  L 

The  obtained  random  measure  M  is  then  a  1-stable  random  measure 

n 

with  a  finite  control  measure  m^  and  skewness  intensity  6.  The 
measures  Mn,  n=l,2,...  are  mutually  independent,  as  assured  by 
independent  scatteredness  of  the  measure  M. 

Let  f  eI(m,B).  Then  f  eI(m^n^,B)  for  any  n.  Thus  the  in¬ 
tegrals 

l]n)  =  /f  (s)M  (ds)  ,  n  =1,2,... 

S 

are  well  defined  by  the  above.  The  sequence  ,  n=l,2,... 

is  then  a  sequence  of  independent  1-stable  random  variables  such 
that  has  distribution  (a^n^ , ) ,  where 

=  /  |  f  (s)  |m(ds)  , 

Sn 

B^n)  =  /  f (s)0(s)m(ds)//  | f  (s)  |m(ds) , 

S  S 

n  n 

uin)  =  -  (2/tt)  /  f  (s)£nj  f  (s)  |  B  (s)m(ds)  , 

Sn 

n=l,2,...  .  Since  f  eI(m,B)  we  conclude  that  both  series 

and  converge.  Thus,  the  series  converge 

with  probability  1,  and  we  define 

00 

(2.21)  If  :=  l  I{fn)  . 

n=l 

The  integral  defined  in  this  way  preserves  all  the  properties  of  1- 
stable  integrals  mentioned  above.  Moreover,  it  is  easily  seen  that 
the  integral  defined  in  this  way  does  not  depend  on  a  particular 


partition  si'S2'**'  (in  spite  of  the  fact  that  the  series  (2.21) 
does  not  have  to  converge  absolutely!). 

The  reason  why  we  are  talking  so  much  about  integrals  with  re¬ 
spect  to  random  stable  measures  is  that  these  integrals  provide  a 
very  convenient  way  of  representing  and  handling  stable  processes. 

Historically,  Schilder  (1970)  was  the  first  to  prove  a  represent¬ 
ation  theorem  of  the  kind 

.  1 

(2.22)  {X(t),teT}  =  {/ f ( t , S ) M (ds ) , t  e T> 

0 

for  a-stable  processes  (X(t),t  e  T}  with  0  <a  <2.  Schilder' s  result 
was  extended  then  by  Kuelbs  (1973)  and  Hardin  (1987)  to  the  form 
given  below. 

A  process  (x(t),t  e T}  defined  on  a  topological  space  T  is  said 

to  satisfy  assumption  S  is  there  is  a  countable  dense  subset  TQ  of 

T  such  that  every  X(t)  is  a  limit  in  probability  of  a  sequence  from 

the  set  of  all  finite  linear  combinations  E.a.X(t.),  t.  eT„. 

3  3  3  3  0 

The  orem  2.1.  Suppose  that  an  a-stable  process  {X(t),t  e  T)  satisfies 
assumption  S. 

(i)  If  (X(t),t  e T}  is  symmetric,  then  there  is  a  finite  measure  m 
on  ([0,1], 8)  and  a  fami  ly  of  functions  f  ( t ,  •  )  e  La  (m)  ,  t  e  T,  such  that 
the  representation  (2.22)  holds,  where  M  is  an  a-stable  random  measure 
with  control  measure  m  and  skewness  intensity  8=0. 

(ii)  If  {X(t),t  € T}  is  strict  then  there  is  a  family  of  functions 
f  ( t ,  • )  eLa(X)  (X  is  Lebeegue  measure  on  ([0,l],8),teT)),  such  that 
the  representation  (2.22)  holds,  where  M  is  an  a-stable  random 
measure  with  control  measure  X  and  skewness  intensity  8=1* 


* .  *  .  ^ 


>.*  k  «  »  Li.  Li  <  »  *  »  * 


Let  {X(t),t  e T}  be  an  arbitrary  a-stable  process.  It  is  well  known 
that,  unless  a  =1,  there  is  a  deterministic  function  y:T->-IR  such 
that  the  process  {X(t)  -y(t),t  e T>  is  strictly  a-stable. 

Suppose  that  T  is  a  countable  set.  Then  Theorem  2.1(ii)  to¬ 
gether  with  the  previous  remark  imply  that 


(2.23)  {X  (t )  ,  t  eT}  =  {/ f(t,s)M(ds)  +  y(t),t  e  T} 

0 

for  some  sequence  of  functions  f(t,*)  £La(X),  t  eT  and  a  sequence 
of  real  numbers  y(t),t  eT.  Here  M  is  an  a-stable  random  measure  on 
([0,1], 8)  with  control  measure  X  and  skewness  intensity  0=1. 

Unfortunately,  a  1-stable  process  cannot,  in  general,  be  made 
strict  by  shifting.  Thus,  Theorem  2.1  is  insufficient  to  establish 
the  representation  (2.23)  when  a-1.  However,  the  following  result 
can  be  obtained  directly  using  a  representation  of  the  characteristic 
functions  of  stable  probability  measures  on  a  separable  Hilbert  space. 
We  omit  the  proof  since  it  essentially  repeats  the  steps  of  the 
proof  of  Theorem  4.1  of  Kuelbs  (1973). 

Theorem  2.  2.  Let  (X(t),t  e  T}  be  a  1-stable  process  on  a  countable 
set  T.  Then  there  is  a  sequence  of  functions  f(t,*)  eLlog+L(X),t  eT 
and  a  sequence  of  real  numbers  y(t),t  eT  such  that  the  representation 
(2.23)  holds. 
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3.  Extremes  of  stable  vectors  in  IR 


n 


Let  M  be  an  a-stable  random  measure  on  a  a-finite  measure  space 
(S,E,m)  with  skewness  intensity  3-  Let  f^,f2,...,f  be  a  sequence 
of  functions  which  is  assumed  to  belong  either  to  La(S,Z,m)  if 
a  7*1,  or  to  I(m,B)  if  a=l.  Let  y^ ,  y2  •  •  •  •  •  be  arbitrary  real 


n 


numbers .  Then 


(3.1) 


X.  =  /f .  (s)M(ds)  +  y .  ,  i  =1,2, ...  ,n 
S  1 


is  a  stable  vector  in  IRn,  and  it  follows  from  Theorems  2.1  and 

.n 


2.2  that  any  stable  vector  in  IR  can  be  represented  in  the  form 
(3.1). 

Fix  s  e S.  Consider  two  sequences  of  non-negative  numbers, 
[f±(s)  ]+,  i=l,2,...,n  and  [-f^(s))  +  ,  i=l,2,...,n.  Here  again 


[a] 


*-  ( 


a,  if  a  2  0 , 
0 ,  if  a  <  0. 


Let  [f(s)]j1)  >  [f  (s)  ]|2)  2...  2[f(s)]|n)  and  [-f(s)]|1)  ^[-f(s)]|2)  > 
(n) 


...  2[-f(s)]^  denote  the  above  sequence  arranged  in  the  nonincreas¬ 
ing  order.  Define 


(3.2) 


(k) 


h+(k;s)  :=  [f(s)]_^',  s  e  S,  k=l,2,...,n. 


(3.3) 


(k) 


h_(k;s)  :=  [-f(s)]_  ,  seS,  k=l,2,...,n. 


Because  of  their  special  importance  in  the  sequel,  h+(n;*)  and 
h_(n;*)  get  shorter  names.  We  put 


(3.4)  h+(s)  :=  h+(n;s) ,  s  e S, 

(3.5)  h_(s)  :=  h_(n;s),  s  e  S. 


W 

W 


II 
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Our  first  result  in  this  section  describes  the  asymptotic  probability 


that  all  the  components  of  a  stable  fector  are  big  given  one  of 


them  is  big. 


Theorem  3.1.  Suppose  that 


(3.6)  m{s  e  S :  f  ^  (s)  /0, 6  (s)  sign  (f  ^  (s) )  ^-1}  >0. 


Then 


/  h+(s)a(l  +B(s))m(ds)  +/h_(s)a(l  -  B(s)  )m(ds) 

(3.7)  limP(X_  >X,...,X  >XjX..>X)=  — - - - § - 

X-*»  n  /  |f.  (s)  |m(ds)  +/|f,  (s)  |  “sign  (f  1  (s) )  B(s)m(ds) 

S  1  S  1 


The  proof  of  this  result  is  similar  to  that  of  Theorem  4.1  in 


Samorodnitsky  (1986) .  We  defer  it  to  the  end  of  this  section.  Our 


next  result  gives  the  asymptotic  behavior  of  the  distribution  of  the 


kth  order  statistic  ,  k=l,2,...,n  from  a  jointly  stable  sample 


(X1,X2,...,  xn)  given  in  the  form  (3.1) 


Theorem  3.2. 


(3.8)  limX0^  (X (k)  >X)  »  ic  fjh.  (k;s)a(l +B(s))m(ds)  +Jh  (k;s)a(l  -  (3(s)  )m(ds)  ] 
X-H»  *  a  s  S  " 


(3.9)  limXaP(X(k)  <-X)  =  xc  [/h  (n-k;s)a(l  -  8 (s)  )m(ds)  +/h  (n-k;s)a(l  +g(s)  )m(ds)  ] 
X-«°  *  a  S  S  " 


for  each  k=l,2,...,  n.  The  constant  c^  is  given  in  (2.6) 


Proof:  Combining  Theorem  3.1  and  Lemma  2.1  with  (2. 13)- (2. 15)  we 


immediately  obtain  (3.8)  in  the  particular  case  k  =  n,  or  using  the 


notation  (3.4),  we  get 


(3.10)  limXaP(x(n)  >X)  =  yc  [/h  (s)a(l  +6(s))m(ds)  +/h  (s)a  (1  -  8  (s)  )m(ds)  ] 

\ ^  a  s  s 


We  use  now  the  following  version  of  the  inclusion-exclusion  formula. 
Let  an  136  arbitrary  real  numbers.  Let  a^  >a^  >  .  ..>a^ 

denote  the  same  numbers  arranged  in  the  nonincreasing  order.  Then 


(3.11)  a(k)  =  l  <-l)J'*(j£) 


j“k.j-l, 


l£i(l)<i(2)<.  ..<i(j)sn 


mn(ai(l),ai(2)'“"  ai(j))f 


k=l,2,...,  n.  We  conclude  in  particular  that 

(3.12)  P(X(k)  >\)  —  l  P(X.  ...  >A,X.  m>A,...fX.,..>A) 

j=k  K  1  lsi(l)<i(2)<...<i(j)sn  lUJ  1(2) 

For  any  1  <  i  ( 1 )  <i(2)  <...  <i(j)  =s  n  denote 

g+ (i (1) ,i  (2)  , . . .  ,  i ( j ) ; s)  :=  min  [ f  (  >  (s) ]  +  , 

m= 1 , . . . ,  j 

g_  (i (1) ,i (2) , . . . ,  i ( j ) ; s )  :  =  min  f_fi (m)  (s) 1 +* 

m= 1 / . . .  f ^ 

We  obtain  then  by  (3.10)  and  (3.12)  that 


).13)  limAaP(X(k)  >X) 


n  .  . 

=  I  (-I)3  C)  l  limA~P(X.  m>A,X.  >A,...,X.  ,..>A) 

j=k  K  1  l^i(l)  <i  (2)  <. .  .<i(j)  <n  A-"»  lU'  lU)  ^ 


n  *  lr  *  1  1 

Zc-l)3  (2lt)  l  ±c  [/g.  (i(l),i(2),..\,i(j);sfil+B(s))m(ds 

j=k  K  1  l<i(l)<i(2)<...<i(j)<n  ^  a  S 


+  Jg  (i(l),i(2),...,i(j);s)a(l -&(s))m(ds)] 
S 


kl/  l  (‘1,:,’k(£l)  l  g  (i(l)  ,i{2) , 

a  S  j=k  *  1  l<i(l)<i(2)<...<i(j)<n 


. .  ,i (j>s)  (l+8(sDm(ds 


+  /  l  (-l)j"k(jjlh  l  g_  (i  (1)  ,i (2) , . . 

S  j=k  l<i(l)<i(2) <...<i(j)<n 


,i  ( j) ;  s)  (1-B  (s))m(d£ 
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and  (3.8)  follows  now  from  (3.11)  and  (3.13).  Finally  (3.9)  follows 
from  (3.8)  applied  to  the  stable  random  vector  -X^,-X2, . . . ,  -Xn. 

We  turn  now  to  the  proof  of  Theorem  3.1.  The  proof  is  via  se¬ 
quence  of  lemmas  in  the  spirit  similar  to  that  of  the  proof  of 
Theorem  4.1  of  Samorodnitsky  (1986). 


Lemma 


3.1.  Let  Y^,Y2/...  be  independent  a-stable  random  variables. 


Y  having  S  (c  #8  ,u  )  distribution.  Suppose  that 
n  *  a  n  n  n  cir 


(3.14)  l  o“  < 
n=l  n 


(3.15)  l  y  converges , 
n=l 


and  assume  that  there  is  a  k  such  that  ^0,  8^  /l.  Let 


Then 


A  (A)  :=  {Y  >A,Y  for  all  m /n) 

n  n  m 


A* ( A )  =  n  A  ( A)  . 

i  n 

n=l 


(3.16)  limP(An(A)  |  l  Ym  >  A) 
A-*°°  m=l 


(1  +  8n)a~ 
n  n 


J  (1  +  8  Ja® 
m=l  m  m 


(3.17)  limP  (A*  (A)  |  l  Y  >  A )  =  0. 

A  -*•«  m=  1 

Remark  3.1.  Clearly,  conditions  (3.14)  and  (3.15)  are  necessary 

oo 

and  sufficient  for  a.s.  convergence  of  the  series  ^n=^^n*  We  n°te 
that  necessary  and  sufficient  conditions  for  a.s.  absolute  conver¬ 
gence  of  this  series  are 


.■>  ^  ,S.S  \  .V.V.NV.'.N  V.n'.N', 
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(3.18)  l  |p  |  <  » 
n=l  n 


and 


(3.19) 


yaa<®ifO<oi<l 
L  n 


n=l 


\  a  |£n<3  I  <  ®  if  a  =1 

nil  n  n 


l  °n  <  “*  if  1  <a  <2* 

n=l 


Proof:  Clearly,  only  (3.16)  needs  to  be  proved.  To  simplify  nota¬ 


tion  we  take  n  =1  in  (3.16).  If  either  =0  or  B1  =-l,  (3.16) 


trivially  follows  from  Lemma  2.1.  Suppose  therefore  that  >0, 
B^  >-l.  Fix  any  6  >0.  Then 


P(A1(X)  I  l  Ym  >X)  *  P<VX)'  l  Y  >~*«l  l  Y 

x  m=l  m  1  m=2  m  m=l  m 


P(Y.  >  X  (1  +  6))P(  l  Y  >  - X 6 , Y  s  X  , m  >  1 ) 
1  m  m 

m=^ 


p  (  l  Y  >  X ) 
m=l  m 


Since  the  distribution  of  E  .Y  is 

m=l  m 


00  OO 


i  1 8 m*y  i  o“,  i  vj 


a  mil  m 


m=  l  m=  1  m=  l 


we  conclude  using  Lemma  2.1  that 
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(3.20)  limP (A. (A)  |  £  Ym  > X) 
X-*»  m=l 


-a  (1+^°i  * 

>  (1+6)  — - iimP(  T  Y  >-a5,  Y  <X,  m  >  1) 

m  ->  m  m 

l  a+Bm)o“  nrf 

'  -  m  m 


We  have 


(3.21) 


limP  (  l  Y  >  -  X  5  ,  Y  sX,  m>l)  >  1  -  lim  £  P(Y  >  X) 


X-koo  m=2 


X-+00  m=2 


By  the  Three  Series  Theorem  the  sum  in  the  right  hand  side  of  (3.21) 


is  finite  for  any  X,  thus  (3.21),  bounded  convergence  and  the  fact 


that  (3.20)  is  true  for  any  6  >0  imply  that 


-  P(Y.  >  X )  (1  +  B.)a“ 

limP  (A.  (X)  1  Y  >X)  *  Hi  — ^ -  =  — - i — — 

r- -  •  l  .  m  ,  °°  00 

''.V'-*”  Jin+e-)a- 


This  proves  (3.16). 


Lemma 


3.  2.  Let  (Y.[j)  ,Y^j)  ,  .  .  .  ,  Y^)  )  ,  j  =1,2,...  be  independent  bi¬ 


stable  vectors  in  JR  .  Suppose  that  the  series 


(3.22) 


X.  =  l  Y .  ^  ,  i  -1,2, - n 

j  =  l 


converge  a.s.  for  each  i=l,2,...,  n.  Suppose  also  that 


limX  P(X  >  X)  >0.  Then 
X-*-®  1 


(3.23)  limP(X7  >X,. 
X—» 


“  P(Y^}  >X,Y^  >  X, . 

,X>X|X.  >X)  <  l  Urn - - - - - 

**  *  • _ 1  >  .  \  \ 


j=l  X^ 


P(XL  >X) 


(3.24)  liitff*(X0  > X, . . . ,X  > X |X.  > X)  >  £  Urn - - - - - 

1  n  l  jai  a-*-  P(XX>X) 


Proof :  For  X  >  0  define 

B.  ...  .  ...»  j  /  »  (X)  :=  (Y«H)  > X,i=l,2, . . . ,n,Y. ^  ^  X, j^j (i) ,i=l,2, . . . ,n}, 
3 (1) ,3 (2) ,...,3  (n)  l  i 


=  1>2(, . .>•••!  j(n)  sl>2(...( 


B*(X)  :=  j (l)=i* j (n)=l  Bj (1) # j (2) , . 


Then  by  bounded  convergence  theorem 


,j(n) 


(3.25)  limP(X2  >X,...,Xn  >X|X1  >X)  5  limP(X2  >  X, . . .  ,XR  >  X,B*  (X)  ^  >  X) 

oo  00 

+  J  ...  £  limP  (X~  >  X, . . .  ,X  >  X,B.  .. .  (2)  \  (^- )  |  >X), 

j(l)=l  j(n)=n^>  *  "  3  (1)0(2),...,  ]  (n)  1 

(3.26)  limP(X2  >  X, . . .  ,Xr  >  X  [xx  >  X)  >  limPCX^  >X,...,Xn  >X,B*(X)  ^  >X) 

X-K»  X-*0° 

00  00 

+  £  ...  £  lxraP  (X_  >  X , . . .  ,X  >  X  ,B .  •  i-yi  ^  (X)  |x.  >X). 

j(l)=l  j  (n)=l -  2  n  3  (1)  O  (2) .,3  m)  1 

By  Lemma  3 . 1  we  have 

limP  (X-  >  X  , .  .  . ,  X  >  X  ,B*  (X)  |  X.  >  X )  =  0. 

X-^oo  2  n  i 

Furthermore,  for  any  choice  of  the  multiple  index  (j  (1) ,  j  (2) , . . . ,  j(n)) 
such  that  j  (i)  /j(l)  for  some  i=2,...,  n  we  have 

UmP(X~  >A,...,Xrt  >X,B.  m  (X)  |X.  >X)  <  UmP  (Y,(^  (1) )  >\fY.(^(l))  >X|x.  >X) 

X-«*>  z  n  i  x-«»  x  x  x 

p(Y(j  (1) )  >  ,P(y.(3  (l)  >  >  X) 

5  lun  p(X,  >X)  =  0 


m 


YiMVnW’O 


<,»  j  *  t.«  <'«■>  t.<‘>  I't  <‘t.<  »ll'»  #Wi»j  t*k  l>.  l‘>  at.  iL  it.  ~>t 


Afk^)  :=  {SEA^/N^ys)  <  (k^  + 1) 0/N,  k29/N<-f2 (s)  <  (k2  +  l)8/ti} ,  k  >N,  k2  >N. 


Xi(k1,k2)  :=  /  fi(s)I(s  c  A  (k^,k2)  )M(ds)  ,  i  =1,2,  k.^  >N,  k2  >N. 
S 


It  follows  from  the  properties  of  stable  integrals  mentioned  in 


Section  2  and  from  Remark  3.1  that  the  double  array  (X^fk..,^), 


X2(k1,k2>)  consists  of  independent  ct-stable  vectors  in  IR  ,  and  that 


(3.34) 


(X  ,X  )  =  (  l  l  X  (k.,k  ),  l  l  X9 (k. ,k_) ) 
kx=N  k2=N  1  1  ^  kx=N  k2=N  1  ^ 


in  the  sense  that  for  each  fixed  order  of  summation  the  double  sums 


in  the  right  hand  side  of  (3.31)  converge  with  probability  one,  and 


the  joint  distributions  of  both  sides  of  (3.31)  coincide.  By  Lemma 


3.2  we  have 


_  ,  oo  co  p(x.  (k.,k  )  >X,  X^(k  ,k  )  >X) 

(3.35)  limP(X~  >  \|x.  >X)  <  l  l  lim -  dyv  - 

X-**>  1  kx=N  k  =N  P(X1  >  a; 


Since  for  any  s  eA(k^,k2) 


-k^9/N  <  k2f^(s)  +  k1f2(s)  <  k29/N 


we  conclude  by  (3.31),  (3.32)  and  Lemma  2.1  that 


(3.36)  lim 


P(X1(k1,k2)  >  X,  X2(k1,k2)  >X) 


P^  >X) 


P((k1+k2)  (k2X1(k1,k2)  +kxX2  (k1,k?)  )  >X) 


P(X]_  >  X) 


t 


i 


K> 


U’> 


lK» 


oo 


(3.37)  limP (X_  > A | X.  >  X)  <  l  l  lim  - - 

-v  ,  __  ^  3-  _ i  i _ 1  v  _ 


P(X,  (n , k)  >  A,  X_  (n , k)  >  A) 


Then 


A-*-°°  2  1  n=l  k=l  A+<»  Plxl  A) 


For  n  >1,  k  >1  let  m  .  be  the  restriction  of  m  to  A(n,k) 

n ,  k 

the  joint  distribution  of  the  random  vector 

A 

X.  (n,k)  :=  /  f .  (s)M  ,  (ds),  i=l,2,. 

l  g  l  n  ,k 


(M  ,  is  an  a-stable  random  measure  on  (S,Z)  with  control  measure 
n,  k 

m  and  skewness  intensity  8)  coincides  with  the  joint  distribution 
n ,  k 

of  the  random  vector  (X^ (n,k) ,X2 (n,k) )  .  Then  Lemma  3.3  implies  that 
all  the  limits  in  the  double  sum  in  (3.37)  are  equal  to  zero.  This 
proves  the  lemma. 

Lemma  3.5 .  In  addition  to  the  assumptions  of  Theorem  3.1  assume 
that  there  is  a  1-set ,  A,  of  m-measure  zero ,  such  that  for  any 
s  e  AC  f^  (s)  >0  and  min  ( f  2  ( s)  ,  .  .  .  ,  fn(s))  <0.  Then 

limP  (X„  >  X  , ... ,  X  >A|X.  >  A )  =  0. 

2  n  1 

Proof :  Let  CL  :  =  (s  fAC:f.  (s)  <0,  f.(s)  >0,  j  =  2  , .  .  .  ,  i-1},  i  =  2  ,  .  . 

Then  the  sets  , . . . ,  partition  A  .  Letting 

y|j)  :=  /f.  (s)I(s  eC.)M(ds),  i=l,2,...,n,  j  =  2  , .  .  .  ,n 


we  conclude  by  Lemma  3.2 


(3.38) 


limP(X_  >  A,, 

A-m» 


.,X  >A|x1  > A)  <  \  lim 
u  j=2  A-*» 


P(Y^)  >A,Y2^  >A,, 
P (XL  >  A ) 


.,Y(^  >  A) 
n 


Lemma  3.4  implies  that  every  limit  in  the  right  hand  side  of  (3.38) 
is  equal  to  zero.  This  proves  the  lemma. 


.■•****  1  *  ^  **  *  •  »  *  «  ’ 
^r.i 


f 


Lemma  3.6. 


I  4‘  .  t  M 


_  In  addition  to  the  assumptions o f  Theorem  3.1  assume 

that  there  is  a  1-set ,  A,  of  m-measure  zero,  such  that  for  any 
s  e  AC,  for  any  i  =  1,2,. ..,n,  f^(s)  sf^fs)  >0.  Then 


limP(X2  >X,...,  xn  >X|X1  >A)  =  1. 

A"*00  1 

Proof :  Let  X?  :=  X^-X^,  i=2,...,n.  For  any  6  >  0  we  have  by 

Lemma  2 . 1 

(3.39)  limP(X~  >A,...,X  >X|X.  >X)  >  limP  (X,  >  X  (1  +&)  ,X*  >-X6, . . .  ,X*  >-  X6  (X,  >  X) 
^*2  n  1  1  2  n  1 

n  _ 

>  (ltS)"^-  l  limP((-X*)  >X6|X  >X). 
i=2  X-k»  1  1 

By  Lemma  3.4  each  limit  in  the  right  hand  side  of  (3.39)  is  equal 
to  zero.  Then 

limP(X_  >A,...,X  >X|X1  >A)  s  (1+6)"“, 

2  n  1  1 

and,  since  6  can  be  taken  as  small  as  we  please,  the  claim  of  the 
lemma  follows. 

Proof  of  Theorem  3.1:  Let  A  be  a  E-set.  Note  that  multiplying 
simultaneously  the  functions  B(s),  f ^  (s) , . . . , f^  (s) ,  s  eA,  by  -1 
does  not  change  the  joint  distribution  of  the  random  vector 
(X^,X2,...,  Xn)  .  We  may  and  will  therefore  assume  that  f'^(s)  >0 
for  each  s.  The  claim  of  the  theorem  is  reduced  then  to 


/h+(s)a(l  +B(s))m(ds) 


(3.40)  limP  (X_  >  X  ,  .  .  .  ,  X  >XiX,  >X)  =  - - - - 

A  -*°°  !s  /f.  (s)a(l +S(s))m(ds) 

S  1 


Define 


Bq  :=  { s  e  S:f^(s)  =0} 


B.  :=  {s  eS:f,(s)  >0,  min  (f  _  (s)  ,  .  .  .  ,  f  (s)  )  <0} 
11  2  n 

B2  :=  {s  e  S  :  0  <  min  (f  2  (s)  ,  .  .  .  ,  fn(s))  <f1(s)} 

B3  :=  {s  e  S :  0  <  f  ^  (s)  <  min  (f  2  (s )  ,  .  .  .  ,  f  n  ( s )  )  } . 


These  four  sets  constitute  a  partition  of  S.  Let 


Y<j)  : 
1 


=  Jf .  (s)I(s  €  B.)M(ds)  ,  i  =  1,2, .  . .  ,n,  j=0,l,2,3, 
S  1  3 


Then  by  Lemma  3 . 2 


(3.41)  limP (X-  >  X , . , 

X-XD 


3  P(Y(^  >  X,  Y^  > 

'Xn>X|Xl>X)  =  .1,  li»  - - p(^TX) 


.(j)  >: 


provided  all  three  limits  in  the  right  hand  side  of  (3.41)  exist 
We  will  prove  that  for  any  j  =1,2,3 

PIY.W  > X .  Y'jl  > X . Y«>  >»>  /hp)(s)t,U+S(s))m(ds) 


t  **§  1*1 


WiTi 
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(3.43)  is  positive  for  each  j  =1,2,3. 

By  the  definition  h+^  (s)  =0,  so  the  right  hand  side  of  (3.42) 
is  zero  when  j  =1.  It  is  easy  to  see  that  in  that  case  the  limit 
in  the  left  hand  side  of  (3.42)  exists  and  is  equal  to  zero  as  well. 
This  follows  from  Lemma  3.5.  This  proves  (3.42)  in  the  case  j  =1. 
Consider  now  the  case  j  =3.  By  the  definition  h|"^  (s)  =  f^(s)I(s  eB^). 
Then  the  expression  in  the  right  hand  side  of  (3.42)  takes  the  form 

/  f.  (s)al  (s  €  B  .j )  (1  +  8  (s)  )  m  (ds) 

S  1 _ _ _ 

/ f.  (s)a(l  +  8  (s)  )m(ds) 

S  1 

while  the  left  hand  side  of  (3.42)  is  equal  to  the  same  value  by 
Lemmas  2.1  and  3.6.  It  remains  therefore  to  prove  (3.42)  in  the 
case  j  =2.  Define 

B„(i)  :=  (seB_:f.(s)  =  min  f.  (s)  <  min  f.(s)}, 

z  z  1  j=l,2,...,n  ^  j«l,2,...,i-l  3 

i=2,...,n.  Then  the  sets  B2(2),...,  B2 (n)  are  disjoint,  cover  B2> 

and  on  B-(i),  0  <f.(s)  sf.(s)  for  all  j  =1,2,.  .  .  ,n.  Let 
z  1  ] 

Y.(k)  :=  /f .  (s)  I  (s  €  B  (k)  )M(ds)  ,  i=l,2,...,n,  k=2,...,n. 

1  S  1 

Arguing  as  above  we  get 


P (Y.k  >X,  Y^k  >X,...,£(k)  >X) 

(3.44)  lim - ± - jy. - - - 

X-*»  P(Y£  '  >X) 

k=2,...,n.  Now  Lemma  3.2  implies 
completes  the  proof  of  the  theorem. 


Jf.  (s)al(s  e  B-  (k))  (1  +  8  (s)  )m(ds) 

=  S_2 _ _ _ 

Jf  ,(s)aI(s  £B  )  (1  +8(s))m(ds) 

S  1  Z 

(3.42)  in  the  case  j  =2.  This 
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Stable  processes  on  countable  sets  -  conditions  for  boundedness 


and  high  excursions 

Stable  processes  considered  in  this  section  are  given  in  the  form 

(4.1)  X.  =  /f. (s)M(ds)  +  U.,  i  =1,2,..., 

S  1  1 

where,  as  in  Section  3,  M  is  an  a-stable  measure  on  a  o-finite 
measure  space  (S,£,m)  with  skewness  intensity  8,  {f^}°°_^  is  a  se¬ 
quence  from  La(S,£,m)  if  a  /  I  or  from  I(m,B)  if  a  =1,  and 

QO 

^Ui^i=l  a  se<3uence  reals. 

We  will  find  conditions  for  a.s.  boundedness  of  this  process 

and  will  study  the  asymptotic  behavior  of  the  distribution  functions 

of  supX.  and  infX..  Knowing  those  properties  of  stable  processes 
i>l  1  i>l  1 

defined  on  countable  sets  we  would  be  able  to  handle  processes  de¬ 
fined  on  more  general  sets.  The  point  is  that  in  order  to  make 

supX(t)  a  well  defined  random  variable,  one  usually  considers  a 
teT 

separable  version  of  the  process,  which  reduces,  in  effect,  the  para¬ 
meter  set  to  its  certain  countable  subset.  Our  first  result 
generalizes  Theorem  6.1  of  Samorodnitsky  (1987)  to  the  nonsymmetric 
case . 

Theorem  4.1.  Suppose  the  process  (X^,i  2  1}  is  siven  bp  (4.1).  Then 
(i) 

(4.2)  limAaP(  sup  X.  > X)  >  ^c  [fg (s)a (1  + 3 (s) )m(ds)  + /g (s) a (1  -  8 (s) )m(ds) ] 

A-*®  i=l,2, . . .  S  S 

(4.3)  limA0^  inf  X.  <-A)  >  ^c  (/g  (s)a  (1  -  8 (s) )m(ds)  +  /g_ (s) a (1  +  8 (s)  )m(ds)  ]  , 


A -mo  i=l,2, . . .  1  2  a  s  + 


where 


(4.4)  g+ (s)  : 


=  sup  [f  (s)  ]  ,  s  -  S, 

i=l , 2  , .  .  .  1 


(4.5)  g  (s)  :=  sup  [-f . (s) ] . ,  s  -  S , 


•lV 


,v:y 


then 


»•  ...  ,u  .<1  .  t  .'t  4*1  .'I  .'t  .  .«  * 


(ii)  If  0  <a  <1  and  supu.  <®  then 

i>l 

(4.6)  limA01? (  sup  X.  >X)  =  he f/g  (s)a(l  +  B(s)  )m(ds)  + /g  (s)a(l  -  B(s)  )m(ds)  ] 
X-k»  i=l,2,. . .  S  S  " 

If  0  <a  <1  and  infu.  >  then 


(4.7)  limX^f  inf  X.  < -X)  =  f/g  (s)a(l  -  B(s)  )m(ds)  +/g  (s)a(l  +  8  (s)  )m(ds)  ] , 

X-*«>  i=l,2, . . .  1  aS  S  ‘ 

The  constant  c  is  given  in  (2.6). 
a 

Proof :  (i)  For  each  n  =1,2,...  define 

g|n)  (s)  :=  max  (f.(s)]  ,  seS, 
l^isn 

g^n^  (s)  :=  max  [-f . (s) ]  ,  SeS. 

l^i<n  1 

Then  by  Theorem  3.2,  for  each  fixed  n=l,2,...  we  obtain 

limXaP(  sup  X.  >X)  >  limXaP(  max  X.  >X) 

X i=l ,  2  , .  .  .  ^  X -►<*>  i=i ,  2 , . .  .  ,n  ^ 

=  |c  [/g!n)  (s)a(l  +8(s)  )m(ds)  +  fgjn)  (s)  a  ( 1  -  8  (s)  )  m  (ds)  ]  . 
z  3  S  S 

Since  this  holds  for  any  n  =1,2,...,  (4.2)  follows  by  monotone  con¬ 

vergence  theorem.  The  assertion  (4.3)  follows  now  by  (4.2)  applied 
to  the  a-stable  process  {-X^,i  =1,2,...}. 

(ii)  We  prove  (4.6)  first.  We  may  and  will  assume  here,  without 
loss  of  generality,  that  =0  for  each  i  =1,2,...  .  Moreover,  in 
view  of  (4.2)  it  is  enough  to  prove  that 

(4.8)  limXaP(supX.  >X)  <  ^c  [/g  (s) 1  (1  +  8  (s)  )m(ds)  +/g  (s) a  (1  -  8  (s)  )m(ds)  ] . 

X-*®  i>l  1  S  S  " 


If  either  one  of  the  two  integrals  in  the  right  hand  side  of  (4.8) 
is  infinite,  then  there  is  nothing  to  prove.  Assume  therefore  that 


(4.9)  /g  (s)a  (1  +  8  (s)  )m(ds)  <  °° 

S 

(4.10)  /g  (s) a  (1  -  8 (s) )m(ds)  <  ». 

S 

Let  and  Kj  be  independent  a-stable  random  measures  on  the  same 
a-finite  measure  space  (S,I,m)  with  skewness  intensities  8=1.  Let 

w.  :=  /f  (s)  (1  +8(s)  )1/aK.  (ds)  ,  i  =1,2,..., 

1  S 

Z.  :=  /f.(s)(l  -8  (s)  )  1/0tK-  (ds)  ,  i  =1,2,...  . 

1  S  1 

Then  (VT,  i=l,2,...}  and  {Zi,  i=l,2,...}  are  two  independent  te¬ 
stable  processes.  A  direct  computation  of  the  joint  characteristic 
functions  shows  that 

(2~1/a(Wi  -  Z±)  ,  i  =1,2,...}  =  {Xi,i  =1,2,  .  .  .  }. 

Thus 

(4.11)  P  ( supXi  >  X)  =  P(sup(Wi  -Zi)  >21/aX) 

i>l  1  i>l  1  1 

s  P(supW.  +sup(-Z.)  >2^aX). 
i>l  1  i>l  1 


Let 

w*  :=  /g+ (S)  (1  +  8  (s)  )  1/aK1  (ds) 

s 

z*  :=  /g_  (S)  (1  -  8(s)  )  1/:xK  (ds)  . 
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By  the  assumptions  (4.9)  and  (4.10)  we  conclude  that  W#  and  z*  are 
well  defined  a-stable  random  variables.  They  are  also  independent 
and  a.s.  positive  (see  Remark  2.1).  Note  that  for  each  i  =1,2,... 
each  s  c  S ,  g+(s)  -f^s)  >0.  Consequently,  for  each  i=l,2,... 

1/a, 


W*  -W.  =  /  (g  (s)  -  f .  (s))  (1  +  s  (s)  )  '  K.  (ds)  >0  a.s. 
S  1 


We  conclude  that 


(4.12) 


w#  >  supw.  a.s 
i>l  1 


The  same  argument  shows  that 


(4.13) 


Z  >  sup  (-Z  .  )  a.s. 


i>l 


as  well.  It  follows  from  (4 . 11) - (4. 13)  that 


limAap  (supX .  >A)  <  limlaP(WA  +Z*  >21//aA) 
\ i  >  1 


=  ~c  [/g  (s)a(l  +3(s)  )m(ds)  +  /g_  (s)a  (1  -  B  (s)  )m(ds)  ] 

^  n  '  n 


by  independence  of  W*  and  Z*  and  by  Lemma  2.1.  This  proves  (4.6). 
The  assertion  (4.7)  follows  now  by  applying  (4.6)  to  the  a-stable 
process  {-X^,  i=l,2,...}. 

We  now  turn  to  the  problem  of  a.s.  boundedness  of  the  process 
(4.1)  . 

Theorem  4.2.  (i)  The  following  are  necessaru  for  the  a-stable 

process  (4.1)  to  be  a.s.  bounded 

(4.14)  / f*(s)am(ds)  <», 

S 


- v.* -*;•  •>.< .v. v-‘- ■■  -* 

-a  v.  -a  ^ '-a  ^ ^  a.  a.  a.  a. **- 
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where  f  *  (s)  :=  sup  |f.(s)|,  s  e  S ,  and 
ial  1 

(4.15)  supju.|  <“/  if  a 
i>l  1 

or 

(4.16)  sup|u.  -  (2/ir) /f  .  (s)£n|  f  .  (s)  |  8  (s)m(ds)  |  <  00  if  <x  -  1. 

i^l  1  S  1  1 

(ii)  If  0  < a  < 1,  then  the  conditions  (4. 14) - (4 . 15)  are  also  suf¬ 
ficient  for  a. 8.  boundedness  of  the  process  (4.1). 

Proof :  (i)  If  the  process  (4.1)  is  a.s.  bounded,  then  by  the 

general  result  of  de  Acosta  (1977)  it  follows  that 

limXaP  (sup  |  X  .  |  >X)  <°°. 

X  •*■«>  i  >  1  1 

By  Theorem  4.1(i)  this  implies  that  the  expressions  in  the  right 
hand  sides  of  (4.2)  and  (4.3)  must  be  finite.  Summing  those  two 
expressions  we  conclude  that 

(4.17)  /  [g+ (s)  5  +  g_  (s)  a]  m  (ds)  <  00 . 


The  necessity  of  (4.14)  follows  now  from  (4.17)  and  the  following 


obvious  relation. 


(4.18)  max (g+ ( s ) 3 , g_  (s)  at)  =  f * (s ) 3  < g+ ( s ) 3  + g_ ( s) 3 . 


We  prove  now  the  necessity  of  (4.15)  in  the  case  1  < a  <2.  Suppose 


that  (4.15)  does  not  hold.  We  may  assume  without  loss  of  generality 


that  sup  u .  =  *>.  Fix  any  a  >0.  By  our  assumption  there  is  an 
i=l , 2 , . . .  1 


i(A)  such  that  u.,,.  >A.  Then  by  Lemma  2.2(i) 

1  ( A  ; 


P(  s,p  Xt  >M  ,  P(Xi(M  >»)  -  P(Xi(1)  -ui(,,  -0 

l'i  f  f  •  •  • 


)  ■  a 


-w.  •• 


ts 


>4 
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for  some  positive  a  that  does  not  depend  on  X.  Then  P(  sup  X.  =°°)  >a 

i=l,2, . . .  1 

so  by  the  zero-one  law  (see  Dudley  and  Kanter  (1974)), 

P(  sup  | X .  |  =°°)  =1  and  the  process  is  a.s.  unbounded.  Next  we 
i=l ,  2  ,  . . .  1 

prove  the  necessity  of  the  condition  (4.16)  in  the  case  a  =1.  Let 
K  = /  f* (s)m(ds) .  Since  we  have  already  proved  the  necessity  of  the 
condition  (4.14),  we  may  assume  that  K  <  ^.  Denote 


A.  :=  u-  -  (2/ir)/f .  (s)£n|f .  (s)  t0(s)m(ds)  ,  i=l,2,... 

X  i  —  X  X 


and  let 


(4.19)  Zi  :=  Xi  -  Aif  i  =1,2,  .  .  .  . 


We  conclude  by  (2.14),  (2.15)  and  (2.17)  that  Z.^  has  an  S^(a^,B^,0) 
distribution,  i=l,2,...,  where 

a.  =  /  |  f .  (s)  |m(ds)  ,  i=l,2,..., 

1  S 

B.  =  a.^Jf.  (s)  B  (s)m(ds)  ,  i=l,2, —  . 
i  1  S 


Clearly,  a.  <K  for  each  i  =1,2,...  .  Suppose  that  sup  | A |  .  =°°. 

1  i=l , 2 , . . .  1 

As  before  we  assume,  without  loss  of  generality,  that 

sup  A.  =«.  By  Lemma  2.2  (ii)  there  is  a  finite  constant  y  such 
i=l , 2 , . . .  K 

that  for  each  i  =1,2,... 


(4.20)  P(Zi  >yk)  >  a 


for  a  certain  positive  a  that  does 
By  our  assumption  there  is  an  i  ( A ) 
by  (4.20) 


not  depend  on  i.  Fix  any  A  >0. 
such  that  A.,..  >A  -  y  .  Then 


PI  sup  Xi  P(*i(M  >»)  =  P(Ziu)  >X  -  Ai(x)) 

±  —  L ,  £  ,  •  •  • 


p  (zi 


(X; 


K> 


a . 


33 


As  before,  by  the  zero-one  law  we  conclude  that  the  process 
{ X^ ,  i  =1,2,...}  is  a.s.  unbounded.  To  complete  the  proof  of  the 
part  (i)  of  the  theorem  we  have  to  prove  the  necessity  of  (4.15) 
in  the  case  0  <a  <1.  We  defer  this  task  until  after  we  prove  the 
part  (ii)  of  the  theorem. 

(ii)  By  the  part  (ii)  of  Theorem  4 . 1  we  conclude  that 

(4.21)  limXaP(  sup  |x.  |  >  X)  =  c  /f  *  (s)  am  (ds)  <  00 
A-kx.  i=i ,  2 , .  . .  1  aS 

Thus  the  process  {x^,  i  =1,2,...}  is  a.s.  bounded.  We  complete 
now  the  proof  of  the  part  (i).  Suppose  that  0  <a  <1  and  that  the 
condition  (4.15)  does  not  hold.  Since  the  necessity  of  the  condi¬ 
tion  (4.14)  has  already  been  proved,  we  assume  that  this  condition 
is  satisfied.  Then  by  the  part  (ii)  of  this  theorem  the  process 

:=  X..  —  u  ^ »  i  —1,2,... 

is  a.s.  bounded.  Consequently  {X^,  i  =  1,2,...}  can  be  represented 
as  a  sum  of  an  a.s.  bounded  process  and  an  unbounded  sequence.  This 
proves  that  the  process  {X^,  i=l,2,...}  is  itself  a.s.  unbounded. 
This  completes  the  proof  of  the  theorem. 

It  should  be  mentioned  that  in  general  the  conditions  (4.14), 
(4.15)  if  1  <a  <2  and  (4.14),  (4.16)  if  a  =1  are  not  sufficient 

for  a  s.  boundedness  of  the  process  (4.1),  as  follows  from  Example 
6.1  of  Samorodnitsky  (1987).  The  above  example  shows  also  that, 
in  general,  the  second  part  of  Theorem  4.1  (or  its  obvious  modifica¬ 
tion  if  a  =1)  is  false  when  a  >1.  It  is  a  conjecture  of  the  author 
that  the  second  part  of  Theorem  4.1  is  still  true  even  if  a  >1,  if 
it  is  known  that  the  process  (4.1)  is  a.s.  bounded. 
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